Given two equidimensional Cohen-Macaulay local rings of the same dimension, A1 and A2, we show that a simultaneous extension of A1 by the dualizing module of A2 and of A2 by the dualizing module of A1 is Gorenstein. This extends a theorem of Fossum (cf. [Fo]). The geometrical analogue of this is also considered. As an example, the pairs of double lines in P 3 which are l.a.l linked are classified. This extends a result of Migliore (cf. [Mi]).
Introduction
In [Fo] , generalizing a theorem of Reiten (cf. [R] ), Fossum proves that the extension of a Cohen-Macaulay ring by a canonical module is a Gorenstein ring. This idea is considered in a geometrical frame by Ferrand (cf. [Fe] ), mainly for curves in a threefold. Both these considerations can be interpreted in the frame of "algebraic linkage" (cf. [PS] ). In this paper we show that, in fact, if a ring extends two Cohen-Macaulay rings, each by a dualizing module of the other, then this extension is Gorenstein. We call such an extension "linkage extension". In a natural way one can extend the notion to the case of schemes.
In general, given two (embedded) schemes, there is no (embedded) linkage extension of them. In order to illustrate the "rarity" of linkage extensions, we classify the pairs of double lines in P 3 which are locally algebraically linked.
2 Linked extension
The algebraic case
All the rings considered here are commutative and noetherian. If A is a local ring, we denote by m A its maximal ideal. 
where B is a commutative ring, the maps p 1 , p 2 are ring homomorphisms and, for all b ∈ B, x 1 ∈ M 1 , x 2 ∈ M 2 we have:
By abuse of language we call also 
We shall consider a special case of this notion: 
where B is a commutative ring, the maps p 1 , p 2 are ring homomorphisms and, for all b ∈ B, x 1 ∈ M 1 , x 2 ∈ M 2 we have: Proof. Everything follows from the observation that an element in a CohenMacaulay ring is regular iff it is regular in the dualizing module.
Lemma 2.6 If B is a linked extension of two artinian local rings
Proof. By symmetry, it is enough to show i 1 (socle ω A1 ) = socle B. For this, let b ∈ socle B. Then bm B = 0 and so bi 1 (ω A1 ) = 0. By definition this gives
We come back to the proof of the Theorem 2.4. If dim B ≥ 1 let b ∈ B be a regular element. Then p 1 (b) is regular in A 1 and ω A1 and p 2 (b) is regular in A 2 and ω A2 and one shows easily that B/bB is a linked extension of A 1 /p 1 (b)A 1 and A 2 /p 2 (b)A 2 . As B is Gorenstein iff B/bB is Gorenstein, by repeating the above argument one reduces the question to the artinian case. In this situation, as ω Ai ∼ = E(A i /m i ), (the injective envelope of the residue field of A i ) and the socle of ω Ai is A i /m i , it follows socle B = A i /m i i.e. the socle of B is simple. This proves that B is Gorenstein.
Remark 2.7 When A 1 = A 2 , we obtain the Theorem of Fossum (cf. [Fo] ) that any extension of a local Cohen-macaulay ring A by its dualizing module is Gorenstein. We shall call such a ring a (Fossum) doubling of A. In fact the proof given here is "a splitting" of the original proof (cf. [Fo] ). In a geometric frame the similar construction is known as Ferrand's doubling. This terminology is motivated by the fact that the multiplicity of a doubling of a Cohen-Macaulay ring is double the multiplicity of that ring.
Example 2.8 Let R = k[x 1 , . . . , x n ] with n ≥ 2 and let a 1 , a 2 be the ideals 
The Geometric Case
Definition 2.9 If X 1 , X 2 are two algebraic schemes, we call double extension of them a couple of exact sequences: 
Applying the dualizing functor Hom(?, ω Y ) to the exact sequence (1) and then tensoring with ω
Y is the structural sheaf of a closed subscheme of Y which coincides locally with X 2 , so it is O X2 . Then
Remark 2.12 If, given X 1 , X 2 , there exists a Y which is a linkage extension of X 1 , X 2 , we say also that X 1 and X 2 are locally Gorenstein linked. When Y is locally complete intersection we say that X 1 and X 2 are locally algebraically linked, l.a.l. for short, (cf. [M2] , where this terminology was introduced, inspired by the notion of algebraic linkage of [PS] ).
If X 1 and X 2 are both embedded in a (let say smooth) scheme P and we require that the linkage extension Y to be also closed subscheme of P , we say that Y is an embedded (in P ) linkage extension of X 1 and X 2 . In general, given X 1 and X 2 in P there is no linkage extension (in P ) of them.
The aim of the next theorem is to classify the pairs of double lines in P 3 which are locally algebraically linked.
Theorem 2.13
If two double lines Y 1 , Y 2 in P 3 with supports respectively X 1 , X 2 , are l.a.l. then they are in one of the following situation:
(ii) in convenient homogeneous coordinates (x : y : z : u) (i.e. after an automorphism of P 3 ) they are defined by ideals of the form: or (b) in convenient homogeneous coordinates (x : y : z : u) they are defined by ideals of the form:
where a(z, u), b(z, u) are homogeneous forms in z, u of the same degree r.
Proof. We have to show that, when X 1 and X 2 meet in a point, (ii) is fulfilled and that, when X 1 = X 2 , (iii) is fulfilled. If X 1 , X 2 have a point in common, one may suppose that the equations of X 1 and X 2 are x = y = 0, respectively x = z = 0 in convenient homogeneous coordinates (x : y : z : u). Then double structures Y 1 , Y 2 on them are given by ideals like those in (ii). We have to determine when Y 1 ∪ Y 2 is a complete intersection in X 1 ∩ X 2 = (0 : 0 : 0 : 1). In the affine space u = 0, with coordinates ξ = x u , η = y u , ζ = z u , one has :
where α, β are functions in ζ and γ, δ are functions in η.
A direct computation shows that, if only one of the β(0), δ(0) is 0, then
If β(0) = 0, δ(0) = 0 and with new parameters Y = αξ +βη and Z = γξ +δζ, the ideals are locally:
. This hives the case (a).
Consider β(0) = 0, δ(0) = 0, i.e. β = β 1 ζ, δ = δ 1 η. Then α(0) = 0 and γ(0) = 0. The ideal of Y 1 ∪ Y 2 is then the intersection :
This ideal defines a complete intersection iff there exists a λ = 0 such that α(0)ξ + β 1 (0)ζη = λ(γ(0)ξ + δ 1 (0)ηζ). This condition translates to (b). Consider now the case when X 1 = X 2 =: X. If Y 1 and Y 2 are l.a.l., then there exists a multiplicity 4 structure Y on X which is a linked extension of Y 1 and Y 2 . Consider first the case Y is a quasiprimitive structure in the sense of Bȃnicȃ and Forster (cf. [BF2] or [M3] ). Then Y is a doubling of a doubling Y ′ of X (cf. [M3] , Lemma 2.10). The curve Y ′ is obtained canonically from Y , being a member of the filtrations introduced in [BF2] , [M2] and [M3] , which coincide for quasiprimitive structures. In the Bȃnicȃ-Forster filtration Y ′ is obtained throwing away the embedded points of Y ∪X (2) . As Y 1 and Y 2 are both contained in X (2) , they should be contained in Y ′ , i.e. one has Y 1 = Y 2 = Y ′ . If Y is not a quasiprimitive structure, then according to [BF1] or [BF2] it is globally complete intersection, and, in convenient coordinates, its ideal is I Y = (x 2 , y 2 ). In these coordinates, with convenient forms a(z, u), b(z, u) of the same degree, without common zeros along X, the ideal of X 1 is I 1 = (ax+by, x 2 , xy, y 2 ). Then the ideal of Y 2 should be I Y : I 1 = (ax−by, x 2 , xy, y 2 ).
